The generation of extreme intensity pulses in an optically injected semiconductor laser is studied numerically by using a well-known rate equation model. We show that step-up perturbations of the laser pump current can trigger extreme pulses. We study the perturbation parameters (amplitude, duration) that are more likely to trigger a extreme pulse, and compare the properties of the generated extreme pulses with those spontaneous emitted, which are due to the intrinsic deterministic dynamics of the laser. We study how the phase of the optical field evolves during the pulses and compare both types of pulses (generated by external perturbations and generated by intrinsic nonlinear dynamics). We find that in both cases the phase dynamics is similar with an abrupt rise and fall: as an extreme pulse begins, the phase grows abruptly and reaches a local maximum at the peak of the pulse, then, when the pulse is over, the phase falls down to a value which is similar to the one before the pulse started.
Introduction
Laser systems displaying extreme optical pulses, often referred to as optical rogue waves (RWs) [1] , are being intensively investigated as they are excellent test beds to study extreme fluctuations under controlled conditions [2] [3] [4] [5] [6] [7] [8] [9] . Rogue waves have been observed in many systems and were initially found in hydrodynamics, where occasionally, huge waves in ocean waters have been reported that, in contrast to tsunamis or solitons, can appear from nowhere, disappear in a short spatial length and do not necessarily propagate for long distances [10] .
Optical RWs are ultra-high intensity pulses that are qualitatively characterized by a long-tail in the probability distribution function (pdf) of intensity values. Quantitatively, the precise definition of an extreme pulse depends on the system under investigation. A RW is often defined in terms of the abnormality index, which is the ratio between the height of the wave and the average wave height among one-third of the highest waves, and every wave whose abnormality index is larger than 2 is considered a RW [11] . An alternative approach to define RWs is to use a threshold, τ, that is defined as the mean value, S , and several (6-8) standard deviations, σ, of the distribution of intensity values.
A technologically relevant example of a laser system displaying ultra-high pulses is a continuouswave (cw) optically injected semiconductor laser [12, 13] . It displays a rich variety of dynamical regimes [14, 15] , including injection locking, periodic oscillations and chaotic behavior, which have found various applications [16] . As shown in [12] , optical rogue waves appear in regions of the parameter space where the dynamics is chaotic. However, chaos is not enough to observe RWs as there are regions of chaotic dynamics with RWs and others without RWs. It is therefore important to understand which are the physical mechanisms that are ultimately responsible for generating extreme fluctuations [17, 18] .
In the case of injected semiconductor lasers it has been shown, by using the simplest rateequation model, that a small region of the phase space can lead to a RW when it is visited by the trajectory [13] . In the chaotic regions with RWs, the trajectory can access a narrow region of the phase space (referred to as "the rogue wave door") where the stable one-dimensional manifold of a saddle point (referred to as S2) is located. Whenever the trajectory closely approaches this region, a RW is likely to occur. The mechanism is as follows: the trajectory evolves along the stable manifold towards S2, which is the solution with high carrier density and low intensity. However, S2 has a two-dimensional unstable manifold, and thus, the trajectory also spirals out. During the evolution along the stable manifold of S2 the system accumulates carriers while it approaches a low intensity, and therefore, a high pulse is emitted. The duration of the evolution along the stable manifold of S2 is irregular because it varies with the initial "entry" conditions and is affected by numerical noise, and in consequence, there is a wide distribution of pulse heights. In contrast, in the chaotic regions without RWs, the trajectory never approaches the dangerous region of the phase space where the "RW door" (the one-dimensional stable manifold of S2) is located. In [13] it was also shown that RWs occur when an abrupt expansion of the attractor enables access to that particular region of phase space.
Optical rogue waves have also been investigated in laser models that include spatial degrees of freedom (one or two dimensions) [9] . While in these models extreme pulses might still be generated by a similar mechanism as in the rate-equation model (the presence of a narrow-channel or a "RW door" in the phase space), due to the high-dimensionality of the phase space this special region is difficult to identify. In addition, in the presence of spatial degrees of freedom, several other features can be relevant for understanding the RW phenomenon [9, [19] [20] [21] .
While previous work has shown that special initial conditions [22] or input wave disorder [23] can facilitate the excitation of rogue waves, a relevant open question that has not yet been addressed is the following: is it possible to generate extreme optical pulses "on demand"?. More specifically, in parameter regions without RWs, is it possible to perturb the system in such a way that the trajectory approaches the "RW door", and therefore, an extreme pulse is likely to be triggered? The generation on demand of ultra high-intensity light pulses could find applications for imaging and for sensing. For example, short laser pulses are routinely used to visualize the biological world, and the controlled generation of pulses with ultra-high peak temporal intensity can reduce the signal-to-noise ratio, thus increasing the image quality. For sensing, a small variation of a control parameter (here we focus on a small perturbation of the laser current) can be easily detected because it generates a light pulse with high peak intensity.
In an optically injected semiconductor laser the effects of periodic perturbations of the phase of the injected field have been studied experimentally in Refs. [24, 25] . In the injection locking region (where the laser emits a stable output) it was shown that excitable light pulses could be triggered, if the perturbation was strong enough. In addition, recent works have reported the controllable generation and suppression of optical pulses via perturbations encoded in the amplitude of the injected signal [26, 27] . Here we consider a different situation: we analyze a parameter region outside the injection-locking region (i.e., the laser output displays small periodic or chaotic oscillations), and try to generate high intensity pulses by applying perturbations to the laser pump current, at random times. By extensive model simulations we demonstrate that step-up perturbations of the pump current parameter can trigger extreme pulses, with a success rate that depends on various parameters. We analyze the dynamics of the phase of the optical field during the pulses and find that in both cases (pulses generated by an external perturbation and generated by intrinsic nonlinear dynamics) the phase dynamics consists of an abrupt rise and fall, reaching a local maximum at the peak of the pulse.
Model
The rate equations describing the dynamics of a continuous-wave (cw) optically injected semiconductor laser are [12, 13] :
where E is the slow envelope of the complex optical field, S = |E | 2 is the intensity, N is the carrier density, κ is the field decay rate, α is the line-width enhancement factor, and γ N is the carrier decay rate. ∆ν = ∆ω/2π with ∆ω = ω s − ω m is the frequency detuning between the injected and the master laser and P in j is the injection strength. µ(t) is the injection current parameter (normalized such that the threshold of the free-running laser is at µ th =1), to which a step-up perturbation of amplitude ∆µ and duration τ is applied at random times, as shown in Fig. 1 . In this model, in parameter regions where the intensity dynamics only displays small oscillations, the inclusion of spontaneous emission noise can lead to the generation of rare and extreme pulses [13, 28] . Therefore, we simulate the deterministic model because we are interested in quantifying the likelihood of generating extreme pulses by pump current perturbations, and the inclusion of noise in the simulations would hinder the interpretation of the results, because a pulse following a perturbation could have been triggered by the perturbation, or it could have been triggered by noise.
Results
The model equations were numerically solved using the same parameters as in [12, 13] : κ = 300 ns −1 , α = 3, γ N = 1 ns −1 , P in j = 60 ns −2 , and the other parameters are indicated in the figure captions. The relation between the model parameters and the experimental parameters is discussed in detail in [14] . Here we use this set of parameters because in [12, 13] the simulations were found to be in qualitative good agreement with the experimental observations. To provide an estimate of the pump current and optical injection power, we remark that in both works a VCSEL was used with pump current about 1 mA and injected power 1.1 mW ( [12] ) and pump current about 0.4 mA and injected power 21 µW ( [13] ).
As discussed in the Introduction, in this model ultra-high intensity pulses, that have been referred to as deterministic RWs [12] , occur in specific parameter regions (see Figs. 1 and 3 in [12] , Figs. 4 and Fig. 5a in [13] and Fig. 1 in [28] ). A typical intensity time series displaying sporadic extreme pulses is shown in Fig. 1 left. For parameters such that the intensity displays only small oscillations, extreme pulses can be induced by a step-up perturbation of the pump current parameter, and an example of a generated RW is displayed in Fig. 1 right. We have also analyzed the effect of step-down current perturbations and found that they did not trigger extreme pulses. We speculate that this is due to the fact that the "RW door" is the stable 1D manifold of the saddle point S2 which has high carrier density and low intensity [13] , and because a step down perturbation of the pump current abruptly decreases the carrier density, it prevents the trajectory to approach the vicinity of S2 (in other words, an extreme pulse can be emitted when N is high, and a step-down current perturbation diminishes the carrier population).
We will focus the study in the parameter regions where there are no spontaneous ultra-high pulses, and will present results for two sets of parameters, labeled B (µ = 2.2 and ∆ν = 0.6 GHz) and C (µ = 1.8 and ∆ν = 0.22 GHz), which are located close to the boundary of the RW region (see Fig. 1 in [28] ). The pulses generated by external perturbations will be compared with spontaneous pulses, and for the comparison we will consider a third set of parameters, labeled A ( µ = 2.4 and ∆ν = 0.22 GHz), where there are spontaneous pulses (shown in Fig. 1) . Fig. 1 . Left: Intensity temporal evolution (bottom line) at constant pump current (top line): the intensity displays small oscillations but, occasionally, very high pulses are generated by deterministic nonlinear dynamics. The parameters are µ = 2.4 and ∆ν = 0.22 GHz (point labeled A). Right: Example of pump current step-up perturbation (top line) and the generated pulse (bottom line). The parameters are µ = 2.2 and ∆ν = 0.6 GHz (point labeled B). The insets show the details of the pulses. Fig. 2 . Number of intensity pulses generated after 1000 perturbations as a function of the perturbation parameters. In point C (left) the success probability can exceed 50%, while in point B (right) it is much lower.
To quantify the effectiveness of a perturbation of the pump current we generated 1000 trajectories of 120 ns each (starting from random initial conditions), and we randomly selected the perturbation moment in the interval of 10 ns to 100 ns. Then, we counted how many times an extreme pulse was generated, using S + 8σ as threshold to define a extreme pulse. Then, we varied the perturbation parameters (amplitude, ∆µ, and duration, τ) to determine if there are optimal values of (∆µ, τ) that result in a larger number of pulses. The results are presented in Fig. 2 that displays the number of pulses in the plane (∆µ, τ) when the laser parameters are points C and B. We can observe that the success of the perturbation is different, while in point C (left panel) some perturbations have more than 50% probability of triggering a high pulse, in point B (right panel) it is much lower. In Fig. 2 we also note that, if the perturbation amplitude is large enough, as the duration τ increases (while ∆µ is kept constant) there is a gradual increase in the number of extreme pulses generated. This indicates that extreme pulses are less likely to be triggered by short perturbations. Figure 3 shows the response to two perturbations with the same amplitude: one triggers an extreme pulse, while the other only produces a small fluctuation. We speculate that the effect of the duration of the perturbation is related to the increase of the carrier density: if the pump current is µ + ∆µ during a long enough time interval, it will likely increase 4 . Number of generated intensity pulses as a function of the pump current, µ, and the frequency detuning, ∆ν. 100 perturbations are performed with parameters ∆µ = 0.35 and τ = 4 (left) and ∆µ = 0.35 and τ = 2 (right). In the regions where there are spontaneous extreme pulses, no perturbation is applied and thus the number of generated pulses is zero. the carrier density enough to approach the vicinity of the "RW door" (the stable 1D manifold of the saddle point S2 that has high N and small |E |).
To analyze which are the laser operation conditions for which the perturbation is more likely to be effective we kept (∆µ, τ) fixed and varied the laser parameters (pump current, µ, frequency detuning, ∆ν). The plot of the number of generated high pulses, displayed in Fig. 4 , reveals that pulses can be triggered in large parameter regions, with widely different success rates. For example, for ∆µ = 0.35, τ = 3 ns, in point C 200 perturbations resulted in 47 pulses, while in point B, 1500 perturbations were required to trigger a similar number of pulses.
To analyze if the generated intensity pulses are somehow different from spontaneous high pulses, we analyzed the evolution of the phase of the optical field during the pulses.
We first consider point A, where spontaneous high pulses occur, and simulated 50 intensity time traces of 200 ns. Figure 5 displays the pulses above S + 8σ, centered at the maximum of rogue wave. The phase time trace is also displayed, with the value of the phase at the peak of the rogue wave subtracted to make all the phase trajectories converge to zero at the time when the intensity is maximum. It can be observed that, as the extreme pulse begins, the phase grows abruptly and reaches a local maximum at the peak of the pulse, then, when it is over, the
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Optical phase (rad) Intensity (arb. units) Fig. 5 . Intensity and phase time traces during pulses that are generated by the intrinsic nonlinear dynamics. The lower panel shows in detail the temporal evolution during the pulse. 50 intensity time traces of 200 ns each were simulated and 816 pulses were above the S + 8σ threshold. The intensity time traces are superposed and centered at the peak of the pulse. The phase time traces are also superposed and the value of the phase at the pulse peak is subtracted to make all time traces converge to zero at the peak. The lower panels show in detail the evolution during the intensity peak. Parameters correspond to point A.
phase falls down to a similar value as before the pulse started. To demonstrate the robustness of this observation, we also performed simulations including a sinusoidal modulation in the pump current. The results are presented in Fig. 6 . As expected [28, 29] , the number of pulses decreases significantly (without current modulation there are 816 extreme pulses, while with modulation, only 78); however, the phase dynamics is the same. The corresponding evolution of the carrier density is shown in Fig. 7 , where we observe that before the pulse N increases linearly, when the pulse is emitted N decreases abruptly, and then N recovers again linearly. The linear increase before the pulse is due to the fact that the trajectory, before the pulse, moves along the stable 1D manifold, towards the saddle fixed point S2 that has high N and low |E | values [13] . A qualitatively similar dynamics is seen in Figs. 8 and 9 , where now the pulses are generated by perturbations of the pump current parameter.
Next, we discuss the statistics of the generated pulses in terms of their mean amplitude and mean waiting time (i.e., the time between the start of the perturbation and the peak of the pulse). Figure 10 shows that the highest amplitudes are obtained near parameter regions where spontaneous extreme pulses are generated, and typically, if the perturbation is successful, the average waiting time before the pulse is emitted is about 1-2 ns. However, the distribution of waiting time is in general bi-modal: extremely high pulses are typically emitted shortly after the perturbation starts (the waiting time is about 0.5 ns) while pulses that are above the threshold but not too extreme can be emitted after a longer time (typically 2-5 ns).
We conclude by discussing the role of shape of the step-up perturbation. As it is experimentally impossible that the pump current changes from µ to ∆µ instantaneously, it is important to investigate if extreme pulses can also be generated when the current perturbations are smooth.
Optical phase (rad) Intensity (arb. units) 
Optical phase (rad) Intensity (arb. units) Fig. 8 . Intensity and phase time traces during pulses generated by pump current perturbations. The lower panel shows in detail the temporal evolution during the pulses. 200 simulations were done and in each simulation a perturbation (∆µ = 0.35 and τ = 3 ns) was randomly applied to the laser current. The resulting 47 pulses above the threshold ( S + 8σ) are superposed and centered at the peak of the pulse. As in Figs. 5 and 6 the phase time traces are also superposed and the value of the phase at the peak of the pulse is subtracted to make all time traces converge to zero at the pulse peak. Parameters are µ = 1.8, ∆ν = 0.22 GHz (point C). Fig. 9 . Temporal evolution of the carrier density during the extreme pulses that are generated by step-up current perturbations. Abrupt (left) and smooth (right) pump current perturbation and the resulting intensity pulses. It can be noticed that the height of the pulse generated by the smooth perturbation is lower than that the height of the pulse generated by the abrupt perturbation.
Intuitively, if the perturbation is smooth enough, the system can be able to follow the perturbation and an extreme pulse might not be triggered, or the system might emit a pulse whose peak amplitude is smaller, with respect to the pulse triggered by a sharp current perturbation. Our simulations indicate that this is indeed the case: as seen in Fig. 11 the number of generated pulses is smaller and, as an example, Fig. 12 presents the comparison of two pulses that are generated by a sharp and by a smooth perturbation; here we can see that the pulse generated by the smooth perturbation has lower amplitude.
Conclusion
To summarize, we have simulated the dynamics of an optically injected semiconductor laser with parameters close to the boundary of the region where extreme pulses are occasionally spontaneously generated by the intrinsic nonlinear dynamics of the system, to investigate the possibility of generating them "on demand" by means of an external pump current perturbation. We found that, for appropriated parameters, a step-up perturbation of the laser current can have more than 50% probability of generating an extreme pulse. The success probability depends on the laser parameters and on the perturbation parameters. We have also compared the "spontaneous" and the perturbation-generated extreme pulses, and in order to try to identify possible differences, we analyzed the dynamics of the phase during the intensity pulses. While a phase-intensity relationship can be expected due to the α-factor, such relation is not trivial as the phase depends on both, the field amplitude, |E |, and the carrier density, N [14] . We have found that during both types of extreme pulses, the dynamics of the phase is remarkable similar, which suggests that also when the pulses are generated by a current perturbation, the trajectory approaches the "Rogue Wave door" [13] , i.e., moves along and follows the stable 1D manifold of the saddle fixed point that has high N and low |E | values.
While we have investigated the role of the pump current, the detuning, the amplitude of the perturbation and the duration of the perturbation, several other model parameters can play an important role in enhancing or inhibiting the generation "on demand" of extreme pulses (for example, the injected power, the noise strength and the alpha-factor). The role of these parameters deserve a detailed investigation, which is outside the scope of the present work and is left for future work (here we limit the study to a set of "familiar" parameters which are known to provide a good qualitative agreement with experiments [12, 13] ). We cannot exclude the existence of optimal parameters that give a very high (maybe up to 100%) probability of generating an extreme pulse, however, we have not found them (our best probability is up to 50%). We speculate that the pump current perturbation needs to produce a very precise effect: the carrier density needs to reach a high enough value while the intensity needs to be low enough; otherwise, a high pulse is not emitted. The large number of parameters leaves open the possibility of finding other sets of parameters that can be more optimal for generating extreme pulses.
We hope that our numerical results will motivate experimental studies on the possibility of triggering ultra-high pulses by small perturbations. In addition, as the optical phase can be resolved experimentally by using the technique demonstrated in Refs. [30, 31] , we hope that our work will motivate experimental studies of the phase dynamics during extreme pulses. It would also be interesting to explore the applicability of this method to other laser systems.
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